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Abstract 

Let {S, H) be a polarized K3 surface, i? be a coherent sheaf on S and 
W C H^{S,E) be a linear subspace. If we are lucky, there is an exact 
sequence 

Q~^W®Os E ^ E' ^0 

which gives a correspondence between moduli spaces of sheaves of differ- 
ent ranks which we used in the first part of the paper to establish some 
properties of Brill-Noether loci in the moduli space. We allow E to be 
locally free, torsion free of rank one or a line bundle with support on a 
curve, thus studying simultaneously Brill-Noether special vector bundles, 
special 0-cycles and special linear systems on curves. 

To complete the work begun in the Part 1, we need to establish a 
number of properties of this correspondence. In this paper we prove that 
it behaves nicely for globally generated vector bundles, establish the ex- 
istence of globally generated vector bundles in moduli spaces on K3, and 
prove that the correspondence preserves stability if Pic 5* = Zci{E), thus 
completing the work of Part 1. 
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0.1 Introduction 

Let X be an algebraic surface. (Later we will need to assume that the charac- 
teristics of the base field is 0.) 

We call a coherent sheaf E on X acceptable if rki? > 2 and E is locally free, 
or if rki? = 1 and E is torsion free, or if rki? = and E is an invertible sheaf 
on a curve on X . 

Let A be the moduli space of pairs {E, V), where E is a stable acceptable 
sheaf of a given class in Ko{S) and V C H'^{X, E) (it is constructed later in the 
paper). If we arc lucky, a point in this moduli space gives an exact sequence of 
the form 

Q-^V®Ox ^ E ^ E' ^Q, 

where E' is also acceptable and stable. This gives a correspondence between 
moduli spaces of acceptable sheaves of different ranks which we studied in ^Jj . 

It turns out to be non-trivial to prove that this correspondence is non-empty 
and well-behaved. In this paper we prove that it behaves in "naively expected 
way" for globally generated vector bundles in the case V\cX = Z. In particular, 
we prove the following results we use in |11| : 



0.1.0.1 Monomorphic evaluation maps: Let X be an algebraic variety, 
i? be a globally generated vector bundle on X, and I < rkE. Then for a 
generic vector space V G Gr{l, H'^{X, E)) the evaluation map V(E)Ox ^ E is 
monomorphic. 

0.1.0.2 Acceptable extensions: Let X be an algebraic surface, E' be an ac- 
ceptable sheaf on X, and let W be a A:- vector space. Let A = Ext^ {E' ,W ^ Ox ) . 
A point e e A gives an extension class of the form 

O^W^Ox ^ E ^ E' ^0 
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1. If rkE' > 2, then E is acceptable (this is a trivial part); 

2. if rkE' ~ 1, E' = J^{L), where L is ample, and the pair L + Kx) is 
Caley-Bacharash, then for a generic e G A the sheaf E is acceptable; 

3. if rkE' ^ 0, E' ^ {ic)*{B)., and A := Nc/xB~^ is globally generated, 
then for a generic e S A the sheaf E is acceptable. 

0.1.0.3 Acceptable factors: Let X be a smooth algebraic surface in character- 
istics 0, be a globally generated vector bundle on X, and 1 < / < rki?. Then 
for a generic vector space V G Gr{l, H'^{E)) the cokernel of the evaluation map 
ev -V IS) Ox E is acceptable. 

0.1.0.4 Stable extensions: Let {X,H) be a polarized algebraic surface, and 
let E' be an ff-stable acceptable sheaf on X. Assume that we are given an 
extension 

0^W®Ox ^ E ^ E' ^0 

Let e be the class of this extension in Ext^(-E', W (8) Ox), and let Ue be the image 
of e under the isomorphism Ext\£;', TV (g) Ox) ^ Hom(lV^, Ext^(£:', O)). 

1. If is not injective, then E is not _ff-stable; 

2. If Q!e is injective, E' is acceptable, and PicX ~ Z • ci{E), where ci{E) is 
ample, then E is H - stable. 

0.1.0.5 Stable factors: Let {X,H) be a polarized algebraic surface, be a 
stable coherent sheaf on X, and assume that we are given an exact sequence of 
the form 

O^W^Ox ^ E ^ E' ^0 

where E' is torsion- free. Assume that PicX ~ Z • ci{E), where ci{E) is ample. 
Then E' is ff-stable. 

0.1.0.6 Existence of globally generated vector bundles in moduli spaces 

on K3. Let X he a. K3 surface (this is the only place in this paper where we 
use that X K3). Assume that Pic AT ~ Z/i, h ample, and consider a nonempty 
moduli space M of vector bundles on S with rkE = r, ci{E) = h and C2{E) = d. 
Then there is a globally generated vector bundle E G 

We also construct explicit complex of locally free sheaves computing the 
cohomology groups of a locally free sheaf varying in a family and prove numerous 
results on special 0-cycles, linear systems and vector bundles. 

0.2 Acknowledgments. 

In addition to all the acknowledgements expressed in the previous paper I would 
like to thank Andrey Levin (ITEP, Moscow) for very helpful discussions. The 
idea of the proof of Lemma 12. 2. U. 21 given in this paper belongs to him. 
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1 Preliminaries. 



1.1 Two duality lemmas. 

Lemma 1. Let X be a scheme, C be a Cartier divisor on X, and B be an 
invcrtible sheaf on C (more precisely, on SuppC). Let i be the embedding of 
SuppC into X. If J is a sheaf of ideals defining C, then J/J^ is a locally free 
Oc sheaf of rank one, and if we define N = Nq/x ^ dual to J / ,P (contrary to 
the notations of |2| P- 4.16), then there is a natural isomorphism 

£xt\j^{i,{B),Ox) ^ i*iB-^ «) N) 

Oc 

Proof. Let {Xa} be an affinc cover of X such that C can be given by some 
equation fa G r{Xa,Ox) for each a. Let Ca = SuppC fl Xc,; {Ca} form an 
open affine cover of C. Let Aa = T{Xa,Ox) and Ba ~ T{Ca,B). 

Let la be the ideal generated by in Aa , and let ba G Ba be some generator 
of Ba as a free Ac/Ja-module of rank 1 for each a. 

As an A^-module, Ba has a resolution 



Q^Mi^a^Mi^a^Ba^O (1.1) 

where Mi,a = Mo^a = Aa, which gives an isomorphism F,xt\^{Ba, Aa) — > 

Aa/ la ■ 

We extend the notation used above to multi-indexes. We denote as res the 
canonical maps Aa Aap, Ba Bap and so one, and sometimes omit res 
when it can not cause confusion. 

We have 

res fp = i/jap res /„ 

for some unit tpa/3 G The family {ipap} is a gluing cocycle for the invertible 

Ox-module Ox(-C). 

Let A'a = Aa/Ia and A'^^ = Aap/Iap, where lap ^ Aap res fa Aap res fp. 

Since res ba and res bp both generate Bap as A^^-modulc, we have 

res bp = (jy'ap res ba 

for some unit 0'^^ g ^ap- The family {(f>'ap} gives a gluing cocycle for B as an 
invertible sheaf on C. 

Let (j)ap G Aap be some lift of (j)'ap- For each a, /3 we have 

res bp = res ba 

. Note that 4>ap4'lia — 1 S lap and (p-yplppa — i'la € 

There is an isomorphism of the restrictions of the resolutions 11.11 to Xap 
given by the diagram 







Mi.ap 



M- 



l,ap 



■ Mi.ap ■ 



■ M 



l,ap ■ 



Bap ■ 





0/3C. 




''3 O 



Bap ■ 
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Applying Rom{-, Aap) gives 
0^ 



0- 



Hom(A'/o,Q/3,^a/3) 

Hom(Afo,Q/3, Aa^) 



which induces an isomorphism 



Aap/Iap <^ resExtJi^(Sc,^a) 



It follows that 8xt]j {i^,{B), O) is a direct image of an invertible sheaf on Supp C 
with a trivialization 

T{Co.,£xt\B,0))^A^/I^ 



and a gluing cocycle 

i4>l3a'ip0a) mod lap 



= {(l>0ai'a^) mod Ia0 = 

'l^'tSa ■ (i^ap mod lap) = i(j)'apy^ ' H^aP "lod lap)- 



Since {4>'ap} is a- gluing cocycle for B and {ipap mod /q^} is a gluing cocycle 
for C'c(— C), the lemma follows. 

Lemma 2. Let j : X ^ Y he a, regular embedding of schemes of codi- 
mension r given by an ideal J C Oy, F he a. coherent sheaf on y, be its 
restriction to X. Then there is an isomorphism 



Sxt^a^iOx^F) ~ A'-(J/J2) F\x 

Ox 



(1.2) 



Proof. 

Step 1: afRne case. Let A be a commutative ring, and X be a closed sub- 
scheme in Spec A given by the regular sequence s = (si, ...,Sr). Let J be the 
ideal generated by s. We consider s as a section of a free module E ^ A^ . If Ci 
is the canonical basis of E^ wc have s — ^ s^Ci. 

There is a Koszul resolution K. 



^ A^'E 



V 



E 



V ^s, 



A ^ A/ J 0, 



where ig is pairing with s. In particular, the map A''£'^ ^ A'' ^E"^ takes 
ei' A • • ■ A to A-.-A^J^A-.-Ae^ 

For an A-module F let K'{F) = Hom(X. be the cohomological Koszul 
complex 

h°E®F ^ ...K'-^E^F ^ K''E®F 
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If {ui} is a standard basis of A-module there is a natural isomorphism 







of the rightmost part of the complex above to the complex ^ (x) F ^ F 
where As takes Ui® f to {—lY-Sif. It gives an isomorphism 

Ext^(A/J,F) ~F®(A/J) 

A 

Step 2: general case. Let F be a scheme, X be a regularly embedded 
subscheme of Y, and F be a coherent sheaf on Y. Let Ua be an open afBne 
cover of Y such that X can be given by some regular sequence = (s", . . . , s") 
on each Ua- Let Va be the induced open cover of X. Let Ja be the ideal 
generated by Sa in Aa, and let Fa = T{Ua, F). Let Ea = A"^- 

The complex L" : 

A^-'Ea ® F„ A-Ea ®Fa^O 



computes Ext^ {Aa / Ja,Fa)- 

Let Aaf3 = r(J7ct^, Oy). Since JaAap = JpAap, so there is an invertible 
matrix f"-^ with elements in Aa[3 such that 



ij ^3 



Let u be an automorphism of Eap given by the matrix ((/"'^)*) ^- It has a 
property 

u(s") = 

and whence induces an isomorphism of complexes ® Aap — > i'' ® Aap'- 

A'-^EaB ® Fan ^''Eaf} ® Fafj ^ 



K'-^Eap^Fap' 



A^u ® id 



A'-Eap^Fap 







Since Aafs is a flat A^-module and since for a complex L of A - modules and 
a flat A- module M we have H^{L) ®M^H'^{L® M), there is an isomorphism 



Ext^^ {Aa/Ja,Fa) ® Aap ^ H {L°') ® Aafi ^ H {L°' (g) Aap) ^ Ext^^^ (Aap/Ja 
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which gives a diagram 

i 



Ext^^ (Aq^/ Jap, Fap) 



A^u id 



^^t'-A^{Ap/Jp,F'')^Aap A^ Ea0 ^ Fap/d.^A'-^Eap ^ Fap) — ^ 

Step 1 gives an isomorphism 
ia ■■ r{Ua,£xfa^{j40x),F) ^ Eiit\JAJJa,Fa) ^ (Aa/Ja) ® F„ 



Let (j)"^ = (det u) ^ mod Jap — det /"'^ mod Jap ■ The diagram above 
gives the following gluing data for the sheaf ExVq^, (/*(C'x), F): 

T{Uap,£xt-a^{MOx),F)) 



det id 



{AaplJal3)®Fap 



[Aapl Jal3)®Fap ■ 



0°'' 8 id 



(Aap / Jaf}) ® Fap 



Consider the Ox-module J/J^. It is a locally free sheaf which can be triv- 
ialized by {sf mod Jq, . . . ,s" mod Ja) on each Va- Consider the invertible 
Ox-module A''(J/J^). It has a trivialization 

fa:T{Va,A-{J/J^))^Aa/Ja, 

(s" mod Jq) a • • • a (s" mod Ja) f-^ 1 mod Ja 

Since sf = /jj^^Sj . we have A • • • A = (det /"^) • s^' A • ■ • A in 
the Oy-module A'' J. Note that for any A-module M and ideal J there is a 
canonical isomorphism 

A\,j(M(g)A/J) ~ {A\M)(g)A/J, 
[nil] A • • • A [mi] ^ [mi A • • • A m,;], 

which implies A^y^(J/J^) ~ (A^ J) (E)A/J. It follows that J/J'^ as an invertible 
Ox-module with the trivialization described above has a gluing data (det f"'^)~^ 



Dd Jap = ((/"a/}) 



r{Vap,A^^jj/j^)) 



Aa/s/ Jap ■ 
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It follows that 

£xea^{Ox,F) ^ {A'o^J/JY ® (F <^ Ox) 

Ox Oy 



1.2 Acceptable sheaves on surfaces 

Definition. Let X be an algebraic surface. We say that a coherent sheaf E is 
acceptable if 

ikE >2 and E is locally free; 
rki? = 1 and E is torsion free; 

rkii' = and is a direct image of an invertible sheaf on a Cartier divisor on X. 



1.3 One corollary of the Hilbert-Burch theorem 

Lemma. Let i? be a CM ring of dimension two and let (p : i?™ R"^~^^ 
be a monomorphism of free modules. If (f>®k[p) is monomorphic outside a 
codimension two subschemc in Spec R, then coker (p is isomorphic to an ideal 
J C i? of depth 2. 



1.4 Poincare polynomials 

Let X be a scheme and i? be a coherent sheaf on X . Let Cjc (1) be an ample 
invertible sheaf on X . The Poincare polynomial of E is 

P{E)=x{E{m))^x{E)+x{E\H)m + x{E\H-y ^ ' ' 



x{E\h^) 



2 

TO(m + 1) . . . (m + d — 1) 



where H e [©^(l)! is a generic divisor in the linear system C'x(l), El^ is 
the intersection of i generic divisors in the linear system Ox{^), and d is the 
dimension of support of ( 
In particular, if dimX = 2, 

P{E) = + x{E\H)m + x{E) = 

r[H, ^)!!!(!!i±l) + (,,(1 _ + H)) m + x{E) 

where r = rki? and g is genus of the curve H. 

If r > 0, then the reduced Poincare polynomial is defined as 

m{m + l) /.^ , {c^[E),H)\ , x{E) 



p{E) = P{E)/r = {H, H) > + (1 - g) + 
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1.5 Vanishing of H'^{X,E) for stable E with positive ci 



Lemma. Let {X, C'x(l)) be a polarized K3 surface and i5 be a stable coherent 

sheaf on X of rank r > such that (ci(S), H) > 0. Then H'^{X, E) = 0. 
Proof. By duality, H^{X,E) ~ Ejit°{E,nj^Y = Hom(£;, O^)^- 
Assume that Honi(£', Ox) 7^ 0, i.e., that there is a nonzero homomorphism 

cf> : E ~> Ox- Let J = 4>{E); J is a sheaf of ideals of some closed subscheme 

Z <Z X. The map (j) induces an epimorphism 

E ^ J ^0 

and therefore the stability of E should imply p{E) < p{J), i.e., 

TO H < ci[J\H)m + x( J) 

r r 

One can see from the exact sequence 

0-^ J(E>Oh ^Oh ^ OznH ^ 

that ci{J\h) ~ —ci{OznH) < 0, while {ci{E),H) > 0, which gives a contradic- 
tion. 



1.6 Extensions of modules over a commutative ring. 

This is a classical construction, (cf., for example, but we have to fix 

the notations. Let M, N be modules over a commutative ring A, let e S 
Ext\{M, N). Then the Yoneda-corresponding extension Q^N^E^M^ 
can be obtained in the following way. If 

. . . Ah Ml Mo M ^0 

is a projective resolution of M , then the complex 

Hom^(Mo, N) RomAiMi,N) Hom^(Af2, N) 

computes Ext\{M,N). If e G Ext\{M,N), e = [g], g : Mi ^ N, ^(dA/a) = 0, 
and i? is a cokernel of the map 



then 



Ml Mo® N ^ E ^ 0, 



^ N E M ^ 



is the extension class corresponding to e under the Yoneda isomorphism. 

Since {d,g){AIi) and ® N have a zero intersection in Mq © N , there is a 
commutative diagram 

Ml = Ml (1.3) 
0^ N ^ Mo® N ^ Mo^Q 

II \ \^ 

O^N ^ E M ^0 

I I 




10 



If .917.92 e }Iom{Mi/dM2,N) and gi - ,92 = g ■ d, where g £ Rom{Mo,N), 
then the isomorphism : Mo © -> A/q © iV, = "'^ 



descends to the 



-9 1 
equivalence 

O^N^ {Mo ® A^)/ Im(d, 51) ^ M ^ 

II II 

O^N^{Mq® N)/ Im(d, 52) ^ il/ ^ 

of the corresponding extensions. 

1.7 Computation of £xt\J^{L),Ox) 

Lemma. Let X be a nonsingular algebraic surface and ^ be a 0-subscheme in 
X, then 

(i) nom{J^{L),Ox)^L-\ 

ill) £xt\J^{L),Ox) ^ £xe{0^{L),Ox), 

(iii) £xt^J^{L),Ox) = Q- 

Proof. It is enough to consider the exact sequence 
-> J(^{L) L-> 0(_{L) 

1.8 Computation of £xt\J^{L), Ox)) 

Lemma Let X be a nonsingular surface and ^ be a simple 0-cycle on X. Then 

H"{X,£xt\j^{L),Ox))^H"{X,0^(KxL)y 

Indeed, if ^ is regularly embedded, then £xt\j^{L), Ox) ^ £xf{0^{L),Ox) : 
^Oi;('h/-h'^)'^ ^o^iL^^li), where we used the duahty lemma. The rest is straight- 
forward. 

1.9 Spectral sequence for Ext^(F, G) 

Let F, G be a coherent sheaves on a proper separable scheme X. The spectral 
sequence Ext"'{F, G) <^ HP{X, £xt'^{F, G)) gives the exact sequence 

^ H^{X,nom{F,G)) ^Ext\F,G) ^ H"{X,£xt^{F,G)) 

H'^{X,nom{F,G)) ^Ext2(F,G) 

We need an explicit description of the map t. Let Ua be an open afhne 
cover of X. Since X is separable, all the pairwise intersections Ua n Up are 
afhne. Let a e H^{X,nom{F,G)) and let hafS G Z^{X,nom{F,G)) be some 
Chech cochain which represents a. Let Aa = T{Ua,Ox), Fa = T{Ua,F), and 
Ga = T{Ua, G). Let Ea := Fa ® Ga. 

Let UaP = t/a n Up, Fap = T{UaP, F) , CtC. 
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Consider the trivial extension of Aa-modules 

^ Ga Fa ® Ga -> Fa ^ 
and the automorphism iap of the Aa^-module Eap — Fap + Gap given by 



lap 



1 

haP 1 



There is a commutative diagram 

^ Gap ^ Eap 



■Fap 



0- 



G. 



ap ■ 



E, 



aP 



F 



aP 







This gives a family of isomorphisms z'^^ ; Ea \ c/„,3 ~* Ep \ [/^^ , and the identity 
hap + hpry = haj imphes • = i'^^. 

This allows one to glue the family {Ea} into a coherent sheaf sheaf E on X 
which fits into a locally trivial extension 



O^G^E^F^O 

I. 10 Spectral sequence for Ext^(F, (9) for acceptable sheaf 

on a surface. 

Let X be an algebraic surface, and let F be an acceptable sheaf on X. Then 

II. 91 gives 

1.10.1 Caserki^ = 

if rk_F = 0, then Hom{F, 0)^0 and 

Ext^(i^,C') ^H"{X,£xt\F,0)) 

1.10.2 Caserki^ = l 

Let F = J^{L), where ^ is a 0-subscheme on X. Then 11.91 and 11.71 give the 
exact sequence 

0^ H^{X,L-^) ^Ext\j^{L),0) H"{X,£xt\j^{L),0)) ^ 

^ H^{X,L-^) ^Ext^{J^{L),0) ^0 (1.4) 

which is exact in the right term due to the vanishing of £'2'^ and E^'^ in the 
spectral sequence. 

Assume now that X is smooth, and let K = flj^. The exact sequence 

^ -MKL) KL 0^{KL) 
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generates the long exact sequence 

^ H^{X,J^{KL)) H°{X,KL) H^{X, 0^{KL)) 

H\X,J^{KL)) ^ H\X,KL) ^0 (1.5) 

Lemma. If X is smooth and ^ is a simple 0-cycle, then 11.41 and 11.51 are 
dual, i.e.; there is an isomorphism 

^ H\X, L-i) ^ Ext\j^{L),0) H°{X,£xt^{J^{L), O)) H^{X, L'^) Ext2(J^(i), O) ^ 

^ H\X, KLY H\X, MKL)y H^{X, Oe,{KL)Y H^{X, Kiy H^{X, Ji{KL)Y 

(1-6) 

where vertical isomorphism in the middle was constructed in 11.81 and the other 
ones are Serre duality isomorphisms. 

If L is ample, then the above exact sequence and Kodaira vanishing theorem 
give 

0->Ext^(Je(L),e)) ^i7°(X,fa;<\Je(L),0)) ^Ext2(J^(L),0) 
1.10.3 CaserkF>2 

If F is locally free, then £xt^{F, O) = and 11.91 gives an isomorphism 
t : H\X,nom{F,0)) ^ Ext^(i^,0) 



1.11 Locally free extensions ^ O ^ E ^ J^{L) 
1.11.1 Local case 

Lemma. Let A be a regular local ring of dimension two, m be its maximal 
ideal, and let 

^ E ^m^O (*) 

be some extension of A-modules with class e G Ext^ to, A. Then E' is a free 
module iff e 7^ 0. 

This is a classical result, for another proof see, f.e., [3], p. 5. 4. 

Proof. If e = 0, then E is not free, so assume e ^ 0. Let p be to considered 
as a point in Spec A. If {x,y} is a regular sequence generating m, then to has 
a Koszul resolution 

^ Ml ^ A/o ^ to ^ 
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where Mi = A and Mo = and the exact triple (*) has a resolution 

(1.7) 
El ^ Ml 

O^A^Ea^Mo^O 

II \ \ 
0^ A^ E ^m^O 



where Eq = E (B Mq = ker(i? © Mq — ^ m) is a free module of rank three. 

m 

The middle column of 11.71 shows that E is free iff v{p) v ® k{p) ^ 0. 
Now 11.71 generates 



f f 

Hom(i;i , A) ^ Hom(Mi , A) ^ 

^ Hom(^, A) Hom(£;o, ^) ^ Hom(Mo, A) ^ Q 

Let id^ G Hom(A, A) be the identity homomorphism and let us choose some 
lift id^ G Hom(i?o,^) of id^i to Hom(i?o, A). Then, by definition, 

e = a*{v*{idA)) mod Imif* 

Let (f) = v*{v1a)- There is an isomorphism Hom(7\/i, A) ~ A which takes Imw* 
to TO, so e = a*{(j)) mod to. 

But idA is the left splitting of the exact sequence in the middle row of 11.71 
as in the 

El — ^ Ml 

V 

^ A En ^ Mq ^ 

Since v = io (j) v{p) = i{p) o (j){p). But i{p) ^ and e ^ imphes (j){p) ^ , 
which implies v{p) ^ 0. 

1.11.2 Global case 

We will call an extension 

^ O ^ ^ J^{L) 
locally free iff E is locally free. 
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Lemma. Let X be a smooth surface, L be an ample line bundle on X, and 
^ be a simple effective 0-subscheme in X. Then 

(a) dimExt^(J5(L),0) = h^{J^{LK)) = 6{^,LK), 

(b) Let dimfc Ext^( J^(L), O) > and p & ^. Then either 

every curve in the linear series |L + | passing through ^ — p also contains 
p, and the set of extensions parametrized by Ext^(Jj(L), O) and locally free at 
p is a complement to a hyperplanc in Ext^(J^(L), O), 

or 

there is a curve in the linear system |L + iiTj containing — p but not p, and 
all extensions classes in Ext^ (J5(L), O) arc not locally free at p. 
Proof. 

(a) follows from the definition of 6{^,L + K), and duality. To prove (b), we 
consider the diagram 

^ Exti( J5(L), O) £xt\j^{L), O)) H^{X, nom{ J^{L),0)) 

- H\X, JdKL)Y {KL)\^r H"{X,KLy 

from irrni Let W = H"{^-p, {KL)\^-py and W = H^{p,KL\pY. We have 
H°{iJ<L\^Y = W ®W'. The condition 11.11.11 implies that the extension 
class e G Ext^(J4(L),0) is not locally free a.i p e € W C W ® W . Let 
K ~ H^{X, J^{KL)y . Since W is of codimension one in W ® W, then either 
K CW and all the extension classes parametrized by F,xt^{J^{L),0) are not 
locally free, or that the set of non-locally free extensions form a hyperplane in 
Ext^(J^(L),C'). Consider the dia gram 

O^KnW ^ W ^ H°{X, KL)'' 

n n II 

^ K ^ W®W'^ H°{X, KL)" 

and the dual diagram 


t t 

Q^{Kr\W)'' ^ H^{S,-p,KL)-< H"{X,KL) 

t t II 

A'^ ^ - P, KL) e H°{p, KL) ^ H"{X, KL) 

where ev^ : H'^{X,KL) H'^{^, KL\^) is the canonical restriction map ("eval- 
uation"). Then K C W iS H^{p,KL) C Imevj, i.e., if there is a curve in the 
linear system jfsT + L| passing through £, — p but not through p. 

1.12 EndA(J) = 

Lemma. If A is a ring and J is an ideal such that depth j (A) > 2, then 
EndA(J) = A. 



15 



Indeed, the exact sequence 

^ J ^ A ^ A/ J 

implies 

Hom(^, A) Hom( J, A) ^ Ext^(A/ J, A) = 

which impUes that a natural map A — > Hom(J, A) is an isomorphism. Now the 
inclusion of J into A induced a monomorphism 

^ Hom( J, ,/) ^ Hom( J, A) ^ A 

, which is clearly cpimorphic since every element a E A induced an endomor- 
phism of J. 

1.13 Torsion free extensions ^ O ^ E ^ i^B 
1.13.1 Affine case 

1. Let j4 be a commutative ring and / be an element of A which is not a zero 
divisor. Then the A- module A/ f has a free resolution 

O^A^A^A/f^O 

which gives an isomorphism 'Ext^{A/f,A) ^ A/f. 
Let e € Ext^(A//, A) be a class of the extension 

^ A^ E ^ A/f ^0 (1.8) 

Let e = [g], as in 11.61 where g S llomji{A, A) ~ A. Then 11.61 gives that E can 
be realized as a cokernel of the map 

a'-H^ A"^ ^ E ^0 (1.9) 

Let J be the ideal generated by (/, g) in A. The cohomological Koszul 
complex K'{f,g) gives a complex R{f,g) 

^ A A' ^-^^"^ J ^ 

The identity homomorphism id : A^ A^ descends to the cpimorphic map 
w : E ^ J, as in the diagram 


\ 

kerw 

0^/^\^^E^0 

I 
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(All the columns and rows of the diagram above are exact except, perhaps, 
the bottom row.) 

The following lemma can be proved directly: 
Lemma: 

(1) There is a canonical isomorphism H^{K) — > kerui. 

(2) If A is integer, then there is a canonical isomorphism H^{R) ^ TorsE'. 
Proof of (2): If (a, 6) e ker(/, g), then /a+c/& = and /• [(a, 6)] = [(fajb)] = 

[{—gb, fb)] = b ■ [{—g, /)] ~ in E, which gives a map ker(/, — > Torsi? and 
an injective map H^{R) Tors£^. To prove that it is epimorphic, assume that 
[(a, 6)] £ TorsE'. Then a ■ [(a, 6)] = for some nonzero a £ A, i.e., aa = —g^ 
and ab = fP for some f3 G A, which implies a{fa + gb) = 0. li A has no divisors 
of zero, this implies fa + gb = 0. 

2. Assume that H^{R) = 0. Then the isomorphism w : E J induces the 
isomorphism of the diagram 




of 1 1.81 with diagram 



^ A — ^ A 



^A^^J—^A/f 






where (f> : J ^ A/ f takes ^gai + fa2 to ai mod fA. The map is correctly 
defined in the case H^(R) = 0, since —gai + fa2 = —ga'i + implies /(a2 — 
a'2) = g{ai—a[) and, since H^{R) = is equivalent to Hi{K{f, g)) = 0, we have 
(oi — a'i,a2 ^ a'2) = (fb,gb) for some b E A, which implies ai mod fA = a'l 
mod fA. 

3. Corollary. If (/, g) is a regular sequence in A, then w is an isomorphism. 
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and the extension class e in Ext {A/f, A) is equivalent to one of the form 

0^ A^ J ^ A/f -^0 

Remark. If (/, g) is regular, then there is an isomorphism 

^ A — ^ J ^ A/f ^ 

/a 

— J -0 

where tp takes a G J to a mod fA. (Note that Hi{K{f, g)) = implies iso- 
morphisms 

J/fA ^ Ag/Ag n Af ^ Ag/Afg ^ g ■ {A/f) 

Corollary. If A// does not have zero divisors, then all the nonzero extension 
classes in Ext^(A//, A) are torsion-free. 

1.13.2 Global case. 

If y is a scheme, L is an invertible sheaf on Y and s G H'^{Y, L), we would say 
that s is Oi'-regular if for every afBne U C Y and every nonzero / S H^{U, O) 
fs ^ 0. (In particular, it is always the case if Y is integer and s ^ 0. 

Let X be a scheme, C be an effective Cartier divisor on X and B be an 
invertible sheaf on C. Let i be an embedding of SuppC into X. Assume that 
we are given an extension 

O ^ E ->u(B) (1) 

Let e be its class in Ext^(-B, O). 

By II. 101 and 11.11 there are isomorphisms 

Ext^(B,C') - H"{X,£xfx{B,0)) ~ H"{X,i.,{NB^^)) ~ H"{C,NB-^) 

(1.10) 

where N = Nq/x is a normal sheaf to C in X. Let s e H°{C,NB ^) be the 
element corresponding to e under this isomorphism. Let L = OxiC). 

Lemma. If s is Oc - regular, then there is an equivalence of extensions 

^Ox ^i^B) ^0 (1.11) 

I 

^ Ox — ^ Je«>L u{B) ^ 

where / is a canonical section of L vanishing at C, is a some map from J^{L) 
to i^.{B), and ^ is a the set of zeroes of s on C. 
(1) 
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Proof. 

Let us choose an affine cover Ua oi X, as in the proof of 11.11 The restriction 
of the extension Ogives an extension Ea ^ ^ with some class 

Cq G Ext^^(i?Q, Aq) for each a. Each Aa-module Ba has a resolution 11.11 and 
we can hft the extension class to a homomorphism ga : Mi^a ^a, as in 
11.51 Let Sq, G T{Cc„ N B'"^) be a restriction of s to Ua- Since Sa is the image 
of Ca under the isomorphism £xtx{i^{B),Ox) — > ir{NB~^) and since s is Ox- 
regular, {fa, da) is a regular sequence in Aa- Let J a be the ideal generated by 

ifa,ga) i n Aa. 

Now 11.13. II gives an equivalence of extensions 

^ Aa ^ Ea ^ Ba ^ 

^ Aa — ^ Ja Ba ^ 

Let us extend all the notations to multiindexes, as in 11.11 Since ep = 
(j^apipa/iea in Aap, wc havc gp = cfiapi^apga + Oafsfa for some 9af3 e Aai3. Since 
tjjaf3 is invertiblc in Aa[3 and (j)af3 is invcrtiblc in Aap/iff}), we have Ja ■ Aap = 
Jf} • Aap] we denote this ideal as Jap- Now the restrictions of Wa and Wfj to 
give an isomorphism 

^ Aap JaP BaP ^0 (1.12) 

^ ^af:) ^ Jaf:) -Dq0 ^ 

But by 11.121 the isomorphism WaWp^ is a multiplication with some constant 
Aa/3, and since = ipapfa we have Aa/3 = i^ap- 

Let ^ be a subscheme in X given by {fa, 9a) in Ua- Since is a gluing 
cocycle for i = Ox{C), we get a desired equivalence of extensions 11.111 

It is clear that ^ as a subscheme of C is given as a set of zeroes of s. 

The map / can be described in the following way: J^{L) := J^(^L can be 
realized as a subshcaf of L consisting of sections vanishing at ^, and since the 
canonical section of Ox{C) vanishes at ^, it gives a section of J^{L)- 

Remark. Consider ^ as a Cartier divisor on C. There is an exact sequence 

Jc.x J^.x ^ i*Ji,c 

which is isomorphic to 

^ Ox{-C) ^ Ji.x ^ i*Oc{~0 ^ 
Twisting it with L = Ox{C), we get an exact sequence 

0^Ox^ML)^i*{N(SOc{~0)^0 (1-13) 
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where / is the canonical section of Ox{C) vanishing at C. It follows that there 
is an isomorphism 



^ Ox — ^ ML) ^ i*B ^ 

I 

^ Ox JdL) ^ i4N®Oc{~0) — ^ 

1.14 Locally free extensions W ^ Ox ^ E i^B ^ 

1.14.1 AfRne case 

Let i? be a commutative ring and / G i? be a non-zero divisor. The R - module 
R/ f has a resolution 

O^R^R^R/f^O 
and therefore Ext'^ {R / f , W >Si R) is a cohoniology of the complex 

k 

Hom(i?, W®R)^ Hom(i?, W (E) R) 

In particular, Ext\R/ f,W (g> R) ~ W(E)kiR/f). 

Let e S Ext^(i?//, R) be the class of an extension 

O^R^E^R/f^O (1.14) 

and let us choose some lift g e Hom(i?, W R) of e. Then 11.61 gives that E 
can be realized as a cokernel of the map 

0^ R^^-S'' R®{W(E)R) ^ E ^0 (1.15) 

k 

The exact sequence 

^ Tori(S, k{p)) ^ k{p) ^^^"H^P^^ k{p) ® {W(E>k{p)) 

associated with a point p G Spec R demonstrates that E is locally free iff / and 
g do not have common zeroes in Speci?. 

1.14.2 Global case. 

Let X be a scheme, C be an effective Cartier divisor on X (wc also denote by 
C the support of C), let i be the canonical embedding of C into X, and let B 
be an invertible sheaf on C. Let e be the class of an extension 

^W(»Ox ^ E ^ uiB) ^0 (1.16) 

where dimiy > 2. 
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By II. 101 and II. II there is an isomorphism 



Ext^(i4B),M^®Ox) ~ VK(x)Ext^(i,(B),C>x) ^ 

k 

where A = NB'^ and N = Nc/x = Ox{C)\c is the normal sheaf to C in X. 

If s £ H^{C,W ®A) is the image of e under this isomorphism, then 11.14.11 
gives that E is locally free iff s does not vanish on C. 

Let (pe be the image of s under the isomorphism 

H°{C,W®A)^noYiY{W'^,H°{C,A)) 

Let / = rk(/). One can prove that s can be written as s = ^'j^ Wi ® Si for linearly 
independent wi, . . . ,wi S W and linearly independent si, . . . , s; G H^{C, A). 
We have Z(s) = Z(si) n . . . n Z{si). 

Note that even if / > 2 and si, . . . , s; are linearly independent it is possible 
that Z{si) n . . . n Z{si) is not empty. But if A is globally generated, then the 
lemma (|3.2. 0.411 implies that this does not happen: 

Proposition 1 If dimX = 2, C is smooth and A = NB~^ is globally gener- 
ated, then the generic section oiW®kA does not vanish on C, and the corre- 
sponding extension is locally free. 

We will also be particularly interested in the case dimM^ = dimiJ"(C, ^). 
We will show late that if 0e is not injective, the extension e can not be locally 
free. Assume now that is injective, i.e., is an isomorphism. This defines a 
unique extension class ernn- This extension is locally free iff fl Zls) = 0, 

seH°{C,A) 

i.e., iff A is globally generated. 

1.15 Criteria for a generic extension to be acceptable. 

Lemma. Let F be an acceptable sheaf on a surface X. We will be considering 
classes e S Ext^(F, W ®Ox) parametrizing extensions 

0^W®Ox ^ E F -.Q (1.17) 

Statement: 

(i) If is a locally free, then all such extensions are locally free; 

(ii) If F = J^{L), where L is an ample line bundle and ^ is a simple 0-cycle 
on X, and pair (^, L + K) is Caley-Bacharash, then there exist a finite collection 
of hyperplanes Z C Ext^{J^{L),W i®iOx) such that for every extension class 
not in Z the sheaf E is locally free; 

(iii) If = {ic)*{B), where i : SuppC — > X is an (effective) Cartier on X 
and B is an invertible sheaf on Supp C, then 

(a) If dim W = I and Supp C is reduced and irreducible, then E is acceptable; 
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(b) If dimH^ > 2, SuppC is smooth and A = Nq/xB ^ is globally gener- 
ated, then E given by generic e £ Ext^(i,i3, W iS^Ox) is acceptable. 
Proof. 

(i) The exact sequence (|1.17f) implies Toti{E, k{p)) = for every p G X, 
which implies (i). 

(ii) Let k = dimM^. In the case fc = 1 this statement was proved in 11.11.21 
If A: > 1. we proceed by induction. 

Let us choose a. k — 1-dimensional subspace Wk~i C W and let = 
W/Wk-i- Assume that we are given an extension 

0^W(^Ox ^ E ^ J^{L) 

with class e G Ext^{J^{L),W iSiOx) The projection W induces the 

diagram 





Wk-i ® Ox — Wk-i ® Ox 
^W(E)Ox ^E ^ML) ^0 



^ (E> Ox ^ E' ^ ML) ^ 



where E' :— E/{Wk-i ®Ox) The exact sequence 

^ Wk^i -^w -^Q 
induces the exact sequence 

^ Exti(J^(L), Wk-i®Ox)^ Ext\j5(L), ^ Exti(J^(L), W^®Ox) 

(1-18) 

which is exact on the left and on the right since the exact sequence 
-> Wk-i ®Ox-^W®Ox^W^®Ox^Q 

has a left splitting. Note that p^{e) = e', where e' G Ext^(J^(L), VK^ ®Ox) is 
the class of the bottom row of the diagram above. The 11.11.21 implies that 
E' is locally free when e' is outside of a finite collection of hyperplancs in 
Ext^( J^(L), VF^ Ox). Since local frecness of E' implies a local freeness of 
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E, the exact sequence (|1.18|) guarantees that E is locahy free for all e outside 
some finite collection of hypcrplanes in the vector space Ext^(J^(L), W ® Ox)- 
(iii) It was proved in 11.13.21 in the case dimVT = 1 and in 11.14.21 in the 
case dim W > 1. 

1.16 Stability of extensions and factors 

1.16.0.1 Lemma. Let X be an (integer) surface, iJ be a polarization on X, 
and let E' be an iJ-stable coherent sheaf on X, rkE' > 1. Assume that we are 
given a nontrivial extension 

0-^Ox^E^E'^O (1.19) 

and assume further that PicS* ~ Z, ft. is a positive generator of Pic 5*. 
Then E is iJ-stable. 

Proof. The map tt : E ^ E' induces a map Torsi? Torsi?' which is 
inclusion since X is integer. Since E' is stable of rank > 1, it is torsion free, 
and therefore E is torsion free. Let r = rki? and k = rkF. 

Assume that E is not stable; let F C i? be a destabilizing subsheaf. The 
intersection Ox Hi^ is a coherent subsheaf of Ox and thus is either 0, or a sheaf 
of ideals of a proper subscheme Z C X. 

Consider first the case Ox Ci F = 0. In this case F' — tt{F) is a subsheaf of 
E' isomorphic to F. Since E' is stable, we have 

P(F) P(E) 

—1-^ > — (1-20 

k r 

P(F') P(E') 



In particular, we have the inequalities of slopes 
(ci(f),ii) ^ ic^{E),H) 

{c,iF),H) ^ {ci{E),H) 



which is equivalent to 



1 / 

- < - < — 

r k r 



Since k € [1 — 1] , this equality can be satisfied only if fc = r — 1 and / = 1 . 
(One can draw here a picture in 7? to visualize the condition.) 

Let Q = E/F and Q' = E'/F'. We have rkQ = 1, rkg' = 0. Consider the 
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diagram 







(1.22) 



F—^F' 

^ Ox ^ E ^ E' ^ 

^ Ox ^ Q ^ Q' ^ 



Note that ci(Q') = ci{E) — ci{F) = 0. By choosing maximal destabihzing 
subsheaf we may assume that Q is torsion free, which imphes that it is of the 
form for some 0-subscheme ^ on X which has no sections, and thus in this 
case lemma is proved. 

Remark. If E' is locally free, then we may assume that F is locally free. In 
this case F' is a locally free subsheaf of E' and they have the same rank, while 
the factor-sheaf is supported in codimcnsion two, which is not possible, and we 
get another proof. 

Case 2: consider now the case Ox n F = J for a sheaf of ideals J C Ox of 
a subscheme Z C X. 
Consider the diagram 

^ Jz F ^ F' ^ 

Ox ^ E ^ E' ^ 

Let k — rkF. The condition that F destabilizes E and F' does not destabi- 
lize E', 

P{F) ^ P{E) 

P{F') P{E') 
k-1 r-1 

is equivalent to the condition 

P(F) > -P{E) 
r 

P{F) < P{Jz) + ^{P{E) P{Ox)) 
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In particular, we should have 

PiJz) + ^{P{E) P{Ox)) > ^ 

or 

r(r - 1)P( J) + (fc - r)P{E) - r{k - l)P(Os) > 
Using the formula 

we see that the coefficients at of the polynomial above is zero, while the 
condition on the coefficient at m gives an inequality 

(r - k)ici{E), H)s + r{r - I) deg^(Z) < 

Since {ci{E), H)s > and deg^(Z) > 0, we should have r = k and deg^(2') = 

0. 

It follows that the stability condition If .211 is equivalent to 

P{F) > P{E) 
P{F) < P{Jz) + P{E) - P{Os) 

which implies P{E) < P{Jz) + P{E) - P{Os), or P{Os) < P{Jz), which can 
not be satisfied, since 

P{Oz) = xiOz) > 

1.16.0.2 Lemma. Let X be a surface, H he a. polarization on X, and E be 
an if-stable coherent sheaf on X such that ikE > 2. Assume that we are given 
an exact sequence 

0~^Ox^E^E'^0 (1.23) 

where E' is torsion-free, and that Pic 5 ~ Zh, and ci{E) = h. Then E' is 
77-stable. 

Proof. Assume that E' is not stable; then it admits a destabilizing quotient 
sheaf Q. Let r = rkE and k ~ rkQ. Since E' is torsion free, rkker(i?' Q) > 

1, and therefore k < r — 2. 

Since E is stable, Q should not destabilize E. This gives a numerical condi- 
tion 

PjQ) ^ PjE') 

k - r-l 
PjQ) ^ PjE) 

k r 
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or 



k k r — \ r— 1 

x{Qh) ^ xiQ) ^ x{Eh) ^ x{E) 

; m H ; — > m H 



Comparing the coefficients at m, we get 

{ci{E),H) ^ {ci{Q),H) ^ {ci{E),H) 
r ~ k ~ r — 1 

Now if ci(Q) = qh this is equivalent to the inequahty 

1 q 1 
- < - < 



r k r — 1 
which is impossible since k < r ~ 2. 

1.16.0.3 Lemma. Let X be a surface, iJ be a polarization on X, and F 
be an iJ-stable acceptable coherent sheaf on X. Assume that we are given an 
extension 

O^W^Ox ^ E ^ F ^0 (L24) 

Let e G Ext^(i^, W Ox) be the class of this extension and let be the image 
of e under the isomorphism Ext^i^, Wi^Ox) ^ Hom(M^^, Ext^(F, O)). 
Then 

(1) If ae is not monomorphic, then E is not i7-stable. 

(2) If rki^ > 1, X is irreducible and integer, is monomorphic, PicX ~ Z/i, 
and ci{E) ~ h, then E \s H - stable. 

(3) If rkF = 0, F = i*{B), where i : C — > X is an embedding of the support 
of an integer Cartier divisor C on X, and B is an invertible sheaf on C, X is 
irreducible and integer, ae is monomorphic, and PicX ~ ^[C], then E is H - 
stable. 

Proof. Assume first that dimiy = 1. If rki*" > 1, then the first statement 
of the lemma is trivial and the second one was proved in I1.16.0.l| lf rkF = 0, 
then the first statement is trivial and the third one follows from 11.13.21 

Assume now that dimW > 1. Let k = dimVl^. Let us choose a fc — 1 
-dimensional vector subspace Wk-i C W and let Wi = W/Wk^i- Then 
Wk-i<E)Ox is a subsheaf oi W (g) Ox-Act E' ^ E / (Wk-i <E) Ox)- The canonical 
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projection map tt : W ^ Wi — > induces the diagram 





(1.25) 



^W®0 ^F ^0 



^ Wi®0 ^ E' ^ F ^ 





The map tt also induces the diagram 

Ext^ {F, W®0) Ext^ (F, Wi ® O) 

I f 
Hom(Ty^, Exti(F, O)) Hom(iyi'', Exti(F, O)) 

It is clear that e' = d{e) is the class of the bottom row of the diagram (|1.25|) . 

If ae : — > Ext^(i^, 0) is not injective, then we can choose tt : W ^ 
H^i -> in such a way that C ker(ae : -> Ext^i^, O)). In this case 
d'{ae) = 0, or, in other words, the bottom row of l|1.25(l is a trivial extension 
and E admits Ox as a factor-sheaf. It follows immediately that E can not be 
stable, since it admits Ox as its subsheaf and its factor-sheaf. (Moreover, it is 
easy to see that under some mild assumptions on F E can not be semi-stable.) 
This proves (1). 

Assume now that ae is injective. The bottom row of the diagram induces 
the exact sequence 

^ Hom(VFi ®0,Wi®0) ^ Ext^ (F, Wi®0) Ext^ (F', Wi ® O) 

which is injective on the left since Hom(Vl^i ®0,Wi®0) ~ H°{X, O) = k and 
since 5 takes the canonical element of Hom(W^i ® O, W\ ® O) to the nontrivial 
class e'. 

Let e" G Ext^(£", Wk-i ® Ox) be the class of the middle column of H1.25|l 
and let ag" be the corresponding clement in IIom(VF^_-^, Ext^(F', Ox)). Con- 
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sider the diagram 
— 



Ext^(F,0) ^Ext^(i;',0) 



(1.26) 



^W^ 







The top row of this diagram is induced by applying RHom(-,C') to the 
bottom row of the 11.25|l (its injectivity on the left follows from the discussion 
above). The fact that this diagram commutes can be verified directly. This 
diagram implies that Ue" is injective. 

We can now apply induction to the pair (W,VFfe_i). Indeed, in the case 
rkF > 1 the case k ~ 1 considered above implies that E' is stable. We can now 
apply induction to the extension 

^ Wk-i ®Ox ^ E ^ E' ^0 



of the middle column of the diagram H1.25|l . 

In the case rkF = 0, F = i*{B) the property that C is integer and the case 
k = 1 considered above imply that E' is stable of rank one (which is in this case 
equivalent to the fact that E' is torsion-free). Now we can apply the induction 
step to the middle column extension to deduce that E is stable. 



1.16.0.4 Lemma. Let {X,H) be a polarized surface such that PicS* ~ Z[H] 
and E be an i?-stable coherent sheaf on X such that ci{E) = [H]. Assume that 
we are given an exact sequence 

-^W(E)Ox ^ E ^ F ^0 (1.27) 
where F is torsion-free. Then F is 7J-stable. 

Proof. Note that the assumption implies rk£' > 2. If dimW^ = 1, the 
lemma was proved above. Assume that dimVF > 1 and let us choose an 1- 
dimcnsional vector subspacc Wi C W. Let E' = E /{Wi ® Ox)- consider the 
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diagram 





Wi ® Ox Wi ® Ox 



^ W®Ox ^ E ^ F ^ 



^ {W/Wi) ® Ox ^ E' ^ F ^ 





Since Ox is integer, the bottom row of this diagram gives an embedding — > 
Tors E' — > Tors F, and since F is torsion free, E' is also torsion-free. The case 
dim W = 1 considered above apphed to the middle column of the diagram above 
implies that E' is stable, and we can now apply induction to the bottom row of 
the diagram above. 

1.17 Flag ^CC CX 

Let X be a surface, C be an effective Carticr divisor on X, and ^ be an effective 
Cartier divisor on Supp C. We will also write C for Supp C and ^ for Supp ^. 
Let i : C ^ X and j : ^ — > C be the canonical embeddings. 
The filtration Jp C C Ox induces the diagram 

O^Ji/Jc^Ox/Jc^Ox/J^^O (1.28) 

If' 1/ If" 

^ i*J^,c i*Oc ^ i*j*0^ ^ 
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and the diagram 





Jc ^^^^= Jc 
^ ^ Ox ^ ^ 

^ i*J^,c ^ i*Oc ^ i*i*0(^ ^ 



Let L = Ox{C) and I = i*(L). Twisting the diagram above with L, we get 









\ 


\ 


Ox- 


— Ox 


\ 


1 




-^L^ {uj*0^){L) 


\ 








\ 


1 









1.18 Globally generated sheaves and the correspondence 
Lemma Let X be a scheme with h'^{Ox) = 1 and 

O^Ox^E^E'^0 

be an exact sequence of coherent sheaves. If E is globally generated, then E' is 
globally generated. If E' is globally generated and H^{X,Ox) = 0, then E is 
globally generated. 

The proof is straightforward. 

1.19 Special 0-cycles on surfaces 
1.19.1 Speciality index of a 0-cycle. 

Let ^ be a 0-dimensional subscheme of a surface X of length d. 

Definition. The speciality index of ^ with respect to L, 6{^,L), is defined 

by 

h°{X, J^{L)) = h°{X, L)-d + S{^, L) 
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It follows that (5(^, L) > and L) > ifF^ does not impose d independent 
conditions on the sections of L. 

Definition. ^ is said to be special with respect to L if L) > 0. 
Examples. We assume that the linear system |i| is not empty. 

1. If deg^ = 1, ^ ^ [p],p G X , then L) is special iff p is a base point for 

\L\. 

2. If deg^ = 2, ^ = [p] + [q], and \L\ is base-point free, then {^,L) is special 
iff 4>l{p) = 4'l{<i), where 0^ : X — > is the morphism to a projective space 
associated with \L\. 

3. Let deg^ = 3, ^ = [p] + [q] + [r], and let \L\ be base-point free. We denote 
by < pi, . . . ,Pn > a linear span of a set of distinct points in projective space. 
Then L) is special iff either = 4>L{q) = 4'l{i'), or dim < p,q,r >l= 1, 
where <p,q,r >l=< (I>l(p), 4>L{q), (f>Lir) >. 

4. If deg^ = d and ^ is a sum of d distinct points on X , and |i| is base-point 
free, then ^ is special iff dim < >l< d — 1. 

Note that in general dim < ^ >l= d — 1 — 6{^, L). 

Lemma. S{£,,L) = /i^(J^(i)) — h^{L). In particular, if X is smooth and L 
= M^n^iX) for an ample M, then 5{^,L) = h^{J^{L)). 

The proof follows from the long exact sequence associated with 

^ J^{L) 0^{L) 

and the Kodaira vanishing theorem. 

1.19.2 Caley-Bacharash 0-cycles 

Let ^ be a simple 0-cycle on X, i.e., a sum of d distinct points, on a surface X. 

Definition. ^ is said to be Caley-Bacharash (CB) with respect to invertible 
sheaf L on X if for every point p <E ^ the natural inclusion H^{X, J^{L)) 
H°{X, J^-p{L)) is an isomorphism. 

In other words, the pair (^, L) is Caley-Bacharash if for every point p G ^ 
and every curve C (if any) in the linear system \L\ on X containing ^ — p the 
point p is also on C. 

Lemma. A Caley-Bacharash pair (^, L) is special. 

Proof. Since (^, L) is Caley-Bacharash, the exact sequence 

^ J^{L) J^-piL) ^L®k{p) 

induces the long exact sequence 

Q ^ L®k(p) ^ H^{X,J^{L)) ^ H^(X,J(^-p{L)) ^ Q 

which implies h^{X, J^{L)) = h^{X, J^-p{L)) + 1 and therefore 6{^, L) = 5{£_ - 
P,L) + 1>1. 

Examples. Assume that the linear system is not empty. 

1. If ^ = G X . then (^, L) is Caley-Bacharash iff p is a base point for 

\L\. 
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2. If f = [p] + [q] and \L\ is basepoint-frec, then L) is Caley-Bacharash iff 
(I^Lip) = (l)L{q)- 

3. If dcg^ = 3, ^ = [p] + [g] + [r], and \L\ is bascpoint- free, then {£,,L) is 
Caley-Bacharash iff either (f>L{p) ~ <l>L{q) — 4'L{r), or (j)L{p), 4'L{q) and 

are a// distinct and dim < p,q,r >l= 1- Note that there are special degree 3 
0-cycles which are not Caley-Bacharash. 

4. If deg^ — d and ^ is a sum of d distinct points on X which are not base 
points for \L\, then {£,,L) is Caley-Bacharash iff 4)l{p) G< ^ P >l for every 
p€C 

1.19.3 Speciality index of a 0-cycle on a curve. 

Let C be a (smooth) non-hyperelliptic curve and ^ be a simple 0-cycle on C of 
degree d, i.e., an effective divisor consisting of d distinct points. 

Definition. The speciality index of 0-cycle ^ of degree d with respect to the 
canonical linear system \Kc\ is defined by 

dim < C >Kc= d-1- Sc{i, Kc) 

Lemma. 

-JcCC^c) = dim ICI 
Proof. This is equivalent to the Riemann-Roch theorem. 

1.19.4 Speciality index of a 0-cycle on a curve on a surface. 

Let X be a surface with h}{X, Ox) = 0, C be an effective Cartier divisor on X 
such that fi^ ®Ox Cx(C) is ample, and let ^ be a Cartier divisor on C. Let 
L = Ox{C), A = Oc{£.) and B = Nc,xA-\ 
Lemma. 

8x{LL)^h\C,B)-pg{X) 

Proof. Let i : C ^ X he the canonical embedding. The isomorphism 
a : Ext^^ ii*B, Ox) H^{C, A) of II. II and the description of extensions given 
m give an extension 

0^Ox^ML)^t*B^0 

with s vanishing at C. The induced long exact sequence 

^ H\X,J^{L)) H\X,i^B) ^ H^{X, Ox) ^ H^{X,J^{L)) 

gives h\J^{L)) = h\X, B)-pg + h^J^{L) = h^{C, B)~pg + h^{L) = h\C,B)- 
Pg , where we used the Kodaira vanishing theorem. 
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1.19.5 0-cycle on a curve on K3 

Let X be a K3 surface, C be a smooth irreducible curve on X such that L = 
Ox{C) is ample, and let ^ be a Cartier divisor on C. Let A = Oc{C) ^-nd 
B = KcA-\ 
Lemma. 

Sxi^,L) = h°iC,A)-l 
This is a corollary of the previous lemma. 

If C is non-hyperelliptic and ^ is a simple 0-cycle, then the lemma above can 
be reformulated as 



We also give another proof: 

Let s be the canonical section of L = Ox{C). If (/i^ is a morphism associated 
with linear system \L\ and H is a. hyperplane in H°{X, LY orthogonal to s, there 
is a diagram 

{'t>L)\c 

C — 



Consider the short exact sequence 

Q^Ox ^ L^L\c ^0 
and the associated exact sequences 

^ H\X, Ox) ^ H\X, L) H"{C, L\c) ^ 

and 

^ H°{C, LlcY H°{X, LY ^ i70(X, Ox) ^ 

It is clear that there is an isomorphism Pi/"(C, Llc)^ H which makes the 
following diagram commutative: 



Cr^M°(C,L|c)' 




{•t>L)\c 



Since the restriction L\c — f^p, the linear spans < ^ >Kc ^-^d < ^ >i, 
coincide, and the lemma follows. 
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2 Inject ivity of generic evaluation map for glob- 
ally generated vector bundles 

2.1 The injectivity lemma. 

2.1.0.1 Lemma. Let X be a reduced and irreducible scheme, and E he a 
locally free sheaf on X generated by global sections. Let v < rkE. Then there 
is a nonempty open subset in the Grassmanian variety Gr{v, H^{E)) such that 
for all V in this subset the map (pv is injective. 

Proof. Let H — H'^{E). Consider the diagram 

^kcTtP ^H^Ox^^ E ^0 (2.1) 

u u II 

kcr 0y ^ V(g)Ox E 

Note that kerip is locally free and keT(pv = (kerip) Ci {V ^ Ox)- 
Let K be the field of rational functions on X. For a sheaf F on X we denote 
by F{K) the A'- vector space of rational sections of F, which is isomorphic to the 
fiber of F at the generic point of X . The diagram above induces the diagram 

^ (kcr V) (if) ^H(g,k K ^ E{K) ^ 

U U 
^ (kcr0y)(AO ^V®kK 

Note that (ker (/)v)(/f) is the intersection of if-vector subspaces {kev4>){K) and 
V®K in H®K. 

For a /c- vector space V let Vk = V®kK. Let A = {kei: iIj){K) . The inequal- 
ity dim y < rk implies that 

dim/f A + dim/f Vk < dinii^ H{K) 

Now the "Grassmanian Lemma" 12.2. U. 21 below implies that for a generic 
V C H the intersection Vk r\ A = 0, i.e., (ker (j)v){K) ~ 0. But since kei (j)v is 
a subsheaf of a torsion-free sheaf V (E) Ox, we have ker (j>v = 0. 

2.2 Grassmanian lemma 

2.2.0.2 Lemma. Let K/k be an extension of fields, F be a vector space over 
fc, and let G = Grk{v, F) be the Grassmanian variety of w-dimcnsional /c- vector 
subspaces in F. Let Fk ~ F K and let A C Fk be a iC- vector subspacc of 
dimension a such that a + v < dim^ F. Let Xa be the set of all u-dimensional 
fc-subspaces V in F such that dim/f (Vjf n ^) > 0. Then there is a proper 
algebraic subvariety in G such that Xa is the set of fc - points of X^i . 
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Proof. Let Grfc(w, F) be the set of all ?;-dimensional fc- vector subspaces in F; 
we have Grfe(i;,f) = G{k). Let Gtk{v, Fk) be the set of all w-dimensional K- 
vector subspaces in Fk and the Gr^f (w, Fk) be the corresponding Grassmanian 
variety. There is a canonical isomorphism Gr/f(w,Fif) ~ G(E)kK. (Note that 
the results of pp9.7-9.8 can be applied to the Grassmanian of subspaces of 
F since the base scheme S — Spec k). 

Let t = dimfe F and m ^ t — a — v + 1; we have m > 1 . Let 

Y^A^{W C Fk ■■ dimK W = u, dimA'(l^ n A) > 0} 

It is well-known that is the set of X-points of a proper algebraic subvariety 
TiA in Gk of codimension m. (The class of in the cohomology ring or Chow 
ring is a special Schubert class Um = {m, 0, . . . , 0}, cf [S], P- 14.7). 

Let P = ¥k{hy'H) and = P®^. K] there is a natural isomorphism P^ ^ 
Fk{-^''' Hk)- There is a commutative diagram 

Gr^(w, Hk) ¥k{I^"Hk) 



Grkiv,H) . Pfc(A'"g) 

where p and are Plucker morphisms. 

Consider first the case t = a + v, m = 1. In this case Ha — Gk n for 

Pa- 

some hyperplane section H^i C P^. 

Let Ha = JlAiK), G = G(fc), Gk = Gk{K), P = F{k) and Pk = Pa'(A'). 
There are natural embcddings of G into Gk and P into Pk- Note that the 
intersection Ha fl P is the set of k- points of some linear subspace I C P. We 

have 

Xa = 'Sa n g = (Ha n Gk) n G = (Ha n P) n G = /n G = 

Gk Pk Gk ^ Pk P P 

= i(k) n G(k) = (inG)(fc) 

p(fc) p 

where the equality [1] is induced by the diagram 

Pk D Gk 
U U 
P D G 

Therefore we can let X = I n G. 

Note that if A C Fk is in a general position and dim K/k > dim^ G, then 
Xa is empty. 

In the general case consider the canonical map 

UA ■■ A^A^-^F-^A^F 

k 
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and let Lia = P(Im(M^)). is a linear subspace in P, and there is a fibered 
square 

G 

U U 
^ La 

which allows one to repeat the computation above. 

Example. Let dinife F = 4, G = Gr(2, F) = Gr(l, P(F)), and let A be one- 
dimensional vector subspace in F. We have La C P(A^F), La ^ P(A (SikiF/A)), 
dim La = 2. Note that La C G, and therefore ^a = La^G = La- If p = P(A), 
p £ P(L'), then Sa = Sp is the variety of lines in P(F) ~ P'^ containing the 
point p. 

Let La = Hi n H2 n H3, where Hi, H2 and H-^ are hyperplanes in P(A^L'). 
Then the intersection of iJi ni?2 and G in P(A2(F)) is proper, and G fl Hi n 
has two irreducible components, one of them G H Hi Ci H2 Ci H3. If /i and I2 
are two lines in P(F) intersecting at the (single) point p, and if Hi = S;^ and 
H2 = 1 then 

where Jig is the variety of lines contained in the plane e spanned by h and 
I2 ■ This decomposition corresponds to the equality erf = cr2 + (Je in the Chow 
ring of G, (see, for example, |H], Example 14.7.2). In coordinates, we have 

G = 012034 - 013024 + 014O23 = 0, and if Hi = (012 = 0), H2 = (013 = 0) 
and H3 = (oi4 = 0), then G n i/i n iJ2 = (012 = 0, 013 = 0, 014 = 0) + (012 = 
0, ai3 = 0, 023 = 0) = G n i7i n i/a n i?3 + ^e- 

3 One application of Bertini theorem 
3.1 Smoothness lemma 

I did not find a reference for the following lemma, though it is probably standard: 

3.1.0.3 Lemma. Let F be a smooth irreducible affine scheme over a field k, 
R = T{Y, Oy), s = (si, . . . , Sr) he a sequence of elements in R, and let Z = Z{s) 
be a subscheme in Y given by s. 

(a) There is a complex of coherent sheaves on Z 

(b) If dsi\z, . . . , dsr\z are O^-independent sections of the locally free sheaf 
{yiy^^^)\z ~ ^Y/k ®Oz, (i-C, if {dsi A • • • A dsr) ® 1 is a non-vanishing section 
of ^Y/k ® ^z), then (si, . . . , s^) form a regular sequence in i?, and Z is smooth 
over k of dimension dimfc Y ~ r. 

Proof. Let us prove (b). Consider first the case r = 1. In this case Z is 
given by a single element s £ R. Let j : Z ^ X he the canonical embedding, 
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and let J be the ideal generated by s in R. Taking the global sections of the 
exact sequence 

(cf. 12, 4.16.4.21), we get the exact sequence of i?/ J-modules 

H 

(cf. PP, 0.20.5.12.1), where J/J^ is a free i?/J-modulc of rank one generated by 
s mod J^. Let p e Z. It is clear that the condition Torf^"'(ri^^^j^yj,, A:(p)) = 
is equivalent to ds®k{p) ^ 0, which follows from the assumption of the lemma. 
It follows that il^ is a locally free sheaf of rank d — 1, where d — dimF, and 
therefore Z is nonsingular of dimension d~ \. 

It is clear that {s} forms a regular sequence: indeed, if st = for some 
t € R, we have sdt + tds = 0, and X — V{s) U V{t). Therefore we have tds = 
on V{s) ~ Z, which contradicts to the assumption on ds\Z. (We do not want 
to use the irrcducibility of X in order to be able to use this argument in the 
induction step later.) 

Consider now the case r > 1. Let Ri = R/{si, . . . , Si), i = 1, . . . , r; we have 
Ri = Ri-i/{si). Let Zi = Spec Ri. 

Consider the map v : Oy ^y/k given by {dsi, . . . ,dsr)- Taking the r-th 
exterior power, we get 

A^'ir ■■ S'O'y 

Since (ds\A - ■ ■ Adsr)\z 7^ 0, S^ir gives a section of riy/j, not vanishing on and 
therefore there is an afSne subscheme V <^Y such that Z C U and dsi, . . . , dsr 
are ©[/-independent sections of flylu — > ^l/- Let us substitute Y by U. 

Assume that for some i > 2 Zi^i is smooth of dimension d — (i — l) and that 
the sequence (si, . . . , Si-i) is regular. Now Zi is given by a single equation Sj 
in Ri^i, and the exact sequence of i?i-modules 

iR..^s.)/{R..,sf) A n],^_^/, ® R, ^ n],^/, -> 

gives that f^^ /j. is locally free at p G Zi of rank d — i iff dsi k{p) ^ 0. But 
since {dsi A • • • A dsr) <8) k{p) ^ for all p G the lemma follows. 

We can repeat the argument for r = 1 to see that Si is not a zero divisor in 
Ri-i- 

The proof of (a) is straightforward. 

3.2 Z(s) for a generic section of a globally generated bun- 
dle 

For a section s of a locally free sheaf E we denote by Z{s) the scheme of zeroes 
of s. 
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3.2.0.4 Proposition. Let X be a smooth proper scheme over a field k of 
characteristics 0, and let £ be a locally free sheaf on X generated by global 
sections. Then 

(a) If rki? > dimX, then a generic sections s G H'^{E) docs not vanish on 

(b) If rk£' < dimX, then for a generic s e H^{E) the scheme Z{s) is 
smooth of codimension r in X, and, moreover, each point q G Z{s) has an afhne 
neighborhood on which s is given by regular sequence. 

Proof. Let E be the vector bundle SpecSym£^. Consider the diagram 



X s~ Spec k 

where P(£'^) is the notation of P_ for the projectivization of a vector bundle 
(in the notation of EGA2 this is ¥{£) = Proj Symf). 

Let O^v (1) be the canonical invcrtiblc sheaf on P(£'^). Since 7r,C'£;v (1) ~ £, 
the diagram above induced the isomorphism 

A : H\X, £) A iJ"(P(£;^), Oijv (1)) 

If s G H^{X,£,), let Ds = Z{A{s)) be the divisor of zeroes of the corresponding 
section of C'p(£;v-)(1). 

3.2.0.5 Lemma. The locally free sheaf £ is generated by global sections iff 
the linear system |0£;v(l)| on P(i?^) is bascpoint-free. 

Proof. Assume that the linear system jO^jv (1)| has a base point p G P(£'^), 
i.e., that p e for all for all s G H°{X, E). Let q = tt{p), and let Hp C E{q) be 
the hyperplane in the fiber of the vector bundle E over the point q orthogonal 
which consists of vectors orthogonal to the point p G E^{q). The condition 
p G Dg is equivalent to the condition s{q) G Hp. Since this should be true for 
all sections s G H'^{X,E), it follows that the fiber E{q) is not generated by the 
global sections of E. 

The inverse statement of lemma is straightforward. 

3.2.0.6 Lemma. The divisor Dg is singular iff Z{s) is neither smooth of 
dimension d ~ r nor empty. 

Proof. Let q £ X, and let U be an affine subset in X containing q such 
that both £ and fl]^ can be trivialized when restricted to U. Let us choose 
an isomorphism ajj : £\ij O^, and let {ei, . . . ,er), e,; G T{U,£\u)j be the 
preimages of the canonical sections of . 




38 



Taking the dual of au, we get a trivialization : O^j ^ £'^\u and, there- 
fore, an isomorphism U x P''-i ^ ¥[E^\u)- Let (e^, . . . , e^) be the dual trivi- 
alization of f and let xi, . . . ,Xr be the canonical homogeneous coordinates 
on P'-i. 

Let R = r(f7, Ou) and let us make a base change to U . We have s = Siti 
for some Si S i?. It is clear that Dg C P(f ^) can be given by by the equation 

r 
1 

The singularities of Z?s are given by the condition dfs = X^i Sidxi+J2i Xidsi = 
0, which is equivalent to the condition (1) Si = for all i and (2) lidsi = 0. 

In other words, let Z ~ Z{s), and consider the map of the locally free sheaves 
(j) ■ Ox where ~ {dsi, . . . , dsr). Consider the restriction of on Z and 

consider the corresponding map of vector bundles 

-I r 't>\z V 

Let Cg be the preimage of the zero section of T^lz under (j)z, and let PCs be 
the projectivization of Cg. We have PCs — Sing(Ds). 

(Scheme-theoretically, for a morphism of locally free sheaves £ ^ T the 
preimage of the zero section of F can be defined as Spec(Sym£^/ (/)(Sym''' T"^) ■ 
Sym£^) and the corresponding projective cone as a Proj of the same graded 
sheaf of algebras.) 

Now lemma 13.11 gives a complex 

Let now G x, and consider the exact sequence 

^ ker00fc(q) ^ k{qY "^^i^"^ n]^®k{q) fl^ (x) k{q) ^ 

dimfc 51^ ® k{q) > r — d. If Cs{q) is a scheme-theoretic fiber of Cs over q, then 
set of fc-points is in a natural correspondence with kerc/)® k{q). 

Let us come back to the general case of not-necessarily affine X. Let 
Singj;_,,(Z) be the set of points q E Z for which dimfe il^ eg) k{q) > d — r, i.e., the 
set of points at which Z fails to be smooth of expected codimcnsion. It is clear 
that this is a set of points of a closed subschcmc in Z, and that the canonical 
morphism PCs X factorizes through Singj^_^{Z) . In another words, there is 
a diagram 

P(i;^) ^ Ds ^ SmgDs = PCs 



X D Z D Singrf_,,(Z) 
It is clear that tt' is epimorphic, and the statement of the lemma follows. 
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3.2.0.7 Lemma. If r > d, then either Z{s) is empty and Dg is smooth, or 
Z(s) is not empty and Dg is singular. If r < d, then either Z[s) is empty or 
smooth of expected dimension d — r while Ds is smooth, or Z{s) fails to be 
smooth of expected dimension while Dg is singular. 

This lemma follows from the previous one immediately. 

Let us now use the assumption char fc = and use the Bertini's theorem (cf. 

01): 

3.2.0.8 Corollary. If r > d, then the Bertini theorem implies that Z{s) 
is empty for the generic s g H'^{X,£), and if r < d, then the Bertini theorem 
implies that Z{s) is either empty or smooth of dimension d—r for the generic s £ 
H^{X,£), and the generic section s gives a regular sequence in the coordinate 
ring of some affine neighborhood of every point q ^ X . 

This finishes the proof of the theorem. 

4 Computation of J^{L)/Ox 

Let X be a surface, ^ be a 0-subscheme in X, L be an invertible sheaf on X 
and s G H°{X,L) be Ox — regular section of L. Considering the embedding 
J^{L) C L, we get an Ox-regular global section of L. Let C be the Cartier 
divisor of zeroes of this section and let i : C ^ X he the embedding of the 
support of C into X. Twisting the homomorphism 

s-.Ox^ML) (4.1) 
with Oxi^C) ~ L~^, we see that ^ is a Cartier divisor on C. Let I = i*(L). 

4.0.0.9 Lemma. The map 14. II can be included into the exact sequence 

Ox ^ ML) ^ ^ 

Proof. Let j : ^ — » C be the canonical embedding of the support of ^ to C 
and let k = ij. Then the inclusions 

j i 

£,cCcX 

give the filtration Jc,x C J{,x C Ox which induces the diagram 



Jc.x = Jc.x 

\ I 

^ Jj.x — Ox — ^ k^O^ 

\ \ \i 

^ i*J^.c i*Oc ^ i*i*0(^ ^ 

\ \ 
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This diagram can be rewritten as 





Oxi-C) = Oxi-C) 

\ \ 
^ Ji.x ^ Ox ^ ^ 

\ \ \l 

^ uOc{-i) — ^ i*Oc — *- ^ 



twisting it with Ox{C) ~ L, we get the diagram 













1 




Ox — 


— Ox 




\ 


1 










\ 












\ 















left cohimn of which gives the desired exact sequence. 

5 Good degeneration of ey in the globally gen- 
erated case 

5.0.0.10 Proposition. Let X be a smooth surface over a field k of charac- 
teristics 0, and ii^ be a globally generated locally free sheaf on X. Let / be an 
integer, 1 < I < rkE. Then for the generic vector subspace V C H'^{X,E) of 
dimension I the cokernel of the evaluation map 

ev ■■ H^{X,E)®Ox E 

k 

is acceptable. 
Proof. 

By Lemma 12.1.0.11 for a generic V C H'^{E) of dimension I the map ey is 
injective. Let V C H^{E) be generic, and let I ~ dinife V . 

(a) Assume first that I <YkE — 2. In this case r — I > 2. By lemma 13.2.0.41 
for generic v € V the corresponding section s„ £ {X, E) does not vanish on 
X, and therefore the factor-sheaf E' = E / ev{v ®Ox) is locally free. There is 



41 



a diagram 





v(g)Ox ^=^= v®Ox 



^ V®Ox ^ E ^ F ^ 



^ [V/v) ® Ox ^ E' ^ F ^ 





Applying induction to the pair {E' ^V/v), we conclude that F is locally free of 
rank r — I. 

(b) Assume now that dinifc V = rkE' — 1. Following the step (a), we can 
choose a generic I — 1 -dimensional vector subspace W C V such that E' = 
E/ev(W(E)0) is a locally free sheaf of rank 2 which can be included into the 
diagram 





W(g>Ox = W®Ox 



^ V®Ox ^ E ^ F ^ 



[V/V) Ox ^ E' ^ F ^ 





Consider the pair {E\ V/W). E' is a locally free sheaf of rank 2 and V/W is 
one-dimensional vector subspace in H'^{X, E'). Let u S V/W, u ^ 0, and let 
Su be the corresponding section of E' . The proposition 13.2.0.41 ensures that 
by choosing W to be generic enough wc have that either Z(s) is empty or that 
each point x G X has an affine neighborhood U ~ Spec R such that s|[/ is given 
by a regular sequence (si, S2), Si G R. Let J — Rsi + Rs2', the (cohomological) 
Koszul resolution 

^ R ^''-4'^ R' ^-'^''^ J ^ 
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proves that ~ J, which finishes the proof. 

(c) Assume now that dim V = ikE. By choosing a generic I — 1 -dimensional 
vector subspace W CV and considering E' — E/{W ®Ox) as in (b) we get a 
torsion-free sheaf E' of rank 1 and 1-dimensional subspace in the vector space 
H^{X,E'). Since E' is torsion free, it is of the form J^{L) for a 0-subscheme 
^ C X, and by lemma 14.0. (J. 91 F in the diagram above is isomorphic to the direct 
image of an invcrtible sheaf on some Carticr divisor C on X, which completes 
the proof. 

6 Construction of Brill-Noether loci 

6.1 Complex K{E) 

E he a. torsion- free coherent sheaf on a surface X. We construct a complex of 
vector spaces which computes H'^{X, E). Let C be an effective divisor X which 
is ample enough so that H^{X,E{C)) = for i = 1,2. Let ii : C ^ X he the 
embedding of C to C. Tensoring the adjunction sequence 

O^Ox^ Ox{C) ^ (^l),Oc(C) ^ 

with E, we get 

O^E^ E{C) ^ {ii)^E{C)\c -> 

Let F = E{C)\c- We can choose an effective divisor ^ on C such that 
H^{C, F{^)) = 0. Let ^2 : ^ ^ C be the embedding. We get a complex 

^ F ^ F{0 ^ it2)*FiOk ^ 

Thus we get exact sequences 

^ H"{X,E) H"{X,E{C)) A H°{C,E{C)\c) ^ H\X,E) 0, 
H\C, E{C)\c) ^ H'{X,E) ^ 0, 

0^ H"{C,F) ^ H°{C,F{0) ^ H"{i,F{^)\^) -^H\C,F)-^0 
Let K{E) be the complex of vector spaces 

K{E) = (O ^ H\X, E{C)) H"{C, F{0) ^ i^^C, F{Ok) -> o) 

which computes H*{X,E). 

Note that this inductive procedure of choosing a fiag of divisors works on a 
variety of any dimension d and gives a complex of length d. 
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6.2 Relative case 

Let f be a flat family of sheaves with base S* on a scheme X. Consider the 
diagram 

S 

Let px : X X S ^ X and pc ■ C x S ^ X he the projection morphisms. 
We denote the lift of C to X x 5" as C, etc. Let = £{C)\sxc- We can choose 
C and ^ such that R"f2^£{C) = K" fuT{^) = for n > 0. Let g = J^(0l5xs- 

The exact sequences 

and 

give long exact sequences 

^ .f2.£ ^ .f2.£{C) A /2,luf (C)|cx5 ^ i?\/2,^ ^ 0, 

0^R'f2.juT^R'f2,£^0, 
/i,^ ^ /u.F(0 ^ /uj2,^^(OI«xs ^ R'fuF ^ 
and a complex of 05-modules 

K{£) = (0 ^ f2^£{C) "A" i /„,g ^ 0) 

which computes i?*/2,£- 

6.3 Fibers of i^(^) 

Let y G S* be a closed point, and let E = £\x ■ Since £ is flat over 5* and 
-R"/2*(f(C)) = for n > 0, we have (cf. ch.2^ n.5, coroll.4,3,2 respectively): 

H"{X,E{C)) = for n > 0, 
{R°f2,£{C)) ® Hy) = H°{X, E{C)), 
R"f2^£{C) is locally free. 

and for F = E{C)\c we have 

H"{C,F{^)) = for n > 0, 
{R"fuHO)®Hy)-^H°{C,F{0), 
R^fu^iO is locally free. 
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Let G = F{C)k. It is clear that 

iJ"(^,G) = for n > 0, 
{R°h,g®k{y) = H\^,G), 
R'^.fo^.g is locally free. 

It proves that 

6.4 Construction of Brill-Noether loci 

If if is a complex 

tji ^ 1^2 ^ ^3 

of locally free sheaves on a scheme S, we define a closed subscheme Sk{K) as 
Sk^ fl Z(A^Vi) n Z(A'^V2) 

/ci+A;2 — I'k Ei—k 

where Z{(f)) is a scheme of zeroes of (p. 

The points y of Sk are exactly the points of 5 for which dim^jj^) H{K fc(y)) > 

k. 

Thus, having a flat family of sheaves en a surface (or a scheme) X with base 
S and using the complex K{£) constructed in the previous paragraph we can 
define the Brill-Noether subschemes BNl such that for every y e BNl we have 
W{X,Ey) > k. 

If {X, H) is a polarized K3 surface and £ is such a family that {ci{Ey), H) > 
0, then H^{X,Ey) — for every y G 5 and Riemann-Roch theorem gives 
BNl = ^^x{Ey)-k- I" situation we define BN^ = BN^. 



7 Construction of the correspondence 

7.1 The space of Brill-Noether pairs 
7.1.1 a-stable Brill-Noether pairs 

Let £' be a coherent sheaf on algebraic variety X and V C H^{E) be a linear 
subspace. (i?, V) is called a Brill-Noether pair. 

Let H be an ample line bundle on X and let P{E) = Ph{E) be the Hilbert 
polynomial of E with respect to 7J. Assume that rki? > 1. 

Definition (Le Potier.) 

(1) Let a be a polynomial with positive rational coefficients. Then 

p^{E,V)^p{E)+a-^^ 
vkE 
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(2) The pair [E, V) is called a-stable if E is pure and for any sub-pair 
(F, W)C{E, V) one has p„ {F, W)<Pc.{E,V). 

Theorem (Lc Potier - He Min): There is a (coarse) moduli space of a - 
stable Brill-Noether pairs denoted as Systx a{l,p{E)), where I = dimT^. (cf. 

cni) 

7.1.2 e-stable Brill-Noether pairs 

7.1.2.1 Lemma. Let {E, V) be a Brill-Noether pair on a surface X. Assume 
that rki? > 2. Let e be a positive rational number such that e < jimy^jk^-i) ■ 
If {E, V) is e-stable, then E is semistable. 

Proof. Let {E, V) be an e-stable pair for some positive rational e, where 
ikE > 2. Let F be a subsheaf of E. Since E is pure of rank at least 2, we have 
rkF > 0. Let e = rkE and / = rkF. Since {F,0) is a sub-pair of {E,V), we 
have 

, „s . „s dim V 
p{F)<piE)+e-^, 

or 

x{Fh) , x{F) ^ x{Eh) ^x{E) ^ AiuiV 

z — m H — < m H h e (7.1) 

/ / e e e 

It implies that either 2d£kil < x{Eh) ^ which case piF) < piE) and F does 
not destabilize E, or ^^LjMI — x{Eh) ^ which case 1)7. l|l implies 

xiF) x{E) ^ dimy 

—r < e , 

/ e e 

or 

x{F)e-x{E)f <efA:iuiV 

In particular, if e/dimF < 1, then x{E)^- ^ x{E)f < 0, which implies p{F) < 
p{E) . It follows that if e is such that e < ^^.^^ for any potentially destabilizing 
F, then iJ is semistable. In the definition of stability of a sheaf E it is enough 
to consider the subsheaves F C E for which dimSuppi?/F = dimSuppS, and 
therefore we may assume that / < rk(i?) — 1. It implies that if e < , 
then E is semistable. 

7.1.2.2 Lemma. Let X be a polarized algebraic surface, and let {E,V) be a 
Brill-Noether pair on X. Assume that ikE > 2. Let e be a positive rational 
number such that e < ^i^vilkE-i) • ^ stable, then the pair {E,V) is 
e-stable. 

Proof. Assume that E is stable and let {F, W) be a sub-pair of {E, V). Let 
/ = rkF and e = rki?; we have / > 0. 
Since E is stable, p{F) < p{E), or 

x{Fh) ^ X{F) ^ x{Eh) ^ X{E) 

— 7 — Ti H — < vfi H ( ' -2) 
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Let e be a positive number. The condition that {F, W) does not e-destabihze 
{E, V) is equivalent to the 

x{Fh) ^ X{F) ^ dimW x{Eh) _^ x{E) ^ dimV 

T — m H h e — < m H h e [7.6) 

f f f e e e 

Now (17^ implies that either < kLEmI^ in which case (TT^ holds 

automatically, or that ^^^y^l = KiEill and - > 0, in which case (|73|l 
is equivalent to the condition 

ifxiE) - ex{F)) + e (/ dim V -e dim W^) > 

Since ,fx{E) — ex{F) > 1, the last condition is equivalent to the condition 
e(/ dim — e dim VF) > —1, or 

1 

e < 



e dim W ^ f dim V 
In particular, if e < (j^iygjinT/' then (i?, V) is e-stable. 

7.2 The space of good Brill-Noether pairs 

Let X be an algebraic surface, r > 1, wi e Num(X) and V2 G 1/2Z. Let 
= {r,Vi,V2) and let M = Mfj{v) be the moduli space of stable acceptable 
sheaves with Chern character v. Let r' be an an integer such that < r' < r, 
and let v' = {r' ,vi,V2)- Let I ~ r — r' , and let ^((w) = Ar,r'(^) be the open 
subscheme in Syst^{r — r',v) which parametrize the pairs {E,V) such that 

1. i5 is acceptable, 

2. ev '■ V ®Ox E is monomorphic, 

3. E' ~ cokcr ey is acceptable, 

4. cokerey is stable. 

We call Ai{v) the moduli space of good Brill-Nocthcr pairs. A point {E,V) 
in the Ai{v) gives an exact sequence 

0^V(^Ox^E^E'^0 

Let A/' — Mh{v') be the moduli space of stable acceptable sheaves with 
Chern character v' — {r',vi,V2). The are natural maps tti : Ai{v) M and 
TT2 : Ai{v) M' which take the pair {E, V) to E and E' correspondingly: 

Ai{v) (7.4) 



M{v) M{v') 
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7.3 Description of fibers 
7.3.0.3 Lemma. 

(1) The fiber of tti at a point [E] £ M is isomorphic to an open subschema 
in the Grassmanian variety Gr{l^ H^{E)). 

(2) The fiber of 7r2 at a point [E'] E M' is isomorphic to an open subscheme 
in Gr{l,H^{E'y). 

The proof of (1) is clear: the fiber of tti is an open subscheme in Gr{l, H^{E)) 
parametrizing hnear subspaces V for which the evaluation map ey is monomor- 
phic and cokerey is acceptable and stable. 

To describe fibers of 112 at [E'] G M', we proceed in a few steps. 

Step 1: fix a vector space W of dimension r — r' and define the moduli space 
A'^ J., of "rigified" Brill-Noether pairs which parametrizes data {E, i : W ^ 
H^{E)), where i is monomorphic and dimVF ~ r — r' . In other words, A'^^, is 

a moduli space of triples {E^V C H'^{E),j : V ^ W). There is a forgetting 
morphism p : A[. ^, Ary, and it is clear that AJ,^, is a principle GL{W)- 
bundle over Ar^,-' ■ 

Let : A' M' take (i?, W) to E' := cokcrivi/-. There is a commutative 
diagram 

A' 

A^. 

M' 

A point {E, i) in A' gives an extension 

{)-^W®Ox ^ E E' (7.5) 

where E' — [cokerivi/]. 

Let ml = [£"] G Af, and let F^i be the fiber of 7r2 over m'. Let Ext^(i;', W ® OxY 
be the open subscheme in Ext^(£", (g) Ox) classifying stable acceptable ex- 
tensions There is a natural morphism 

61 : ^-^\}{E' ,W ®OxT Frn' 
which takes the extension class 

0^W<E)Ox^E^E'^0 

to the pair {E, h°{a){W)), where h°{a) : W H^{X,E) is induced by a. 
It is clear that 9 is epimorphic. 

Step 2: Note that there is an action of the group GL{W) x Aut(£^') on 
^yii^{E',W®Ox) which preserves the (subscheme of) stable acceptable exten- 
sions: if (7, 5) G GL{W) X Aut(iJ'), then we define (7, 5) o e to be the bottom 
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row of the diagram 



^ W ® Ox E — ^ E' ^ 

II SI 
' 07^1 (5/3 

^ W ® Ox E ^ E' ^ 

It is clear that is invariant under this action, i.e., 6'((7, 5) o e) = 0{e). 

7.3.0.4 Lemma. If e, G Ext^(VF Ox, « = 1,2, and 6'(ei) ^ 6(62), then 
62 = (7, o ei for some element (7, S) G Gi(W^) x Aut(£"). 

Indeed, let Vi — h^{ai){W), i = 1,2; since 0{ei) = ^(62), there is an isomor- 
phism i : £'1 — > £'2 which takes Vi to V2. Let us construct 7 G GL(I4^) from the 
diagram 



I 

I 7 I 

M/^^y2 

Since i : Ei ^ E2 takes Imai to ImQ;2, the isomorphism i induces an 
isomorphism 5 : E' ^ E' such that the following diagram is commutative: 

^ W(g)Ox El E' ^ 

7 i & 

^ W®Ox E2 E' ^ 

But now, twisting with (7, (5), we get an equivalence of extensions (7, 5)oei = 62'- 

^ W®Ox — El — ^ E' ^ 

i I 

^ W®Ox E2 E' ^ 

Step 3: Since E' is stable, it is also simple and the action of the group 
GL{W) X Aut(£") reduces to the action of GL{W). Let be the image of e un- 
der the isomorphism u : Ext^(£", ® Ox) ^ Hom(VF^, Ext^(£', O)). Lemma 
II. 16. U.3I implies that if is not monomorphic, then E is not stable . Consider 
the space of monomorphic linear maps Monom(M^^, Ext^(i?', O)). It has free 
GL(W)-action, and Monom(VF^, Ext^(£', 0))/GL(M^) ~ Gr(/, Exti(£', O)), 
where I = dim = r — r' . It follows that the fiber of tt2 is an open subschcme 
in the Grassmanian variety Gr(r — r' , Ext^(£", O)) given by the condition that 
E in the extension defined by ae G Monom(VF^, Ext^(i?', O)) is acceptable and 
stable. 
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7.4 Nonemptiness of fibers 

7.4.0.5 Lemma. Assume that [E] e M and either rkE = 1, or rkE > 2 and 
the foUowing two conditions are true: 

(a) E is globaUy generated, and 

(b) PicX c:^ Z,ci{E) = 1. 

Then the fiber of tti at [E] G i\jf is a dense open subschcmc in the Grassma- 
nian variety Gr{l,H^{E)). 

Proof. In case rkE' = 1 the lemma is easy. If rk£^ > 2, then, first, the 
condition (a) and Lemma I2.1.U.1I imply that the generic evaluation map is 
monomorphic. Second, the same condition and Lemma IS.O.U.lOl imDlv that the 
generic factorsheaf of the evaluation map is acceptable. Finally, condition (b) 
and the Lemma I1.16.0.4| imply that the generic factorsheaf is stable. 

7.4.0.6 Lemma. Assume that [E'] G M' and the following two conditions are 
true: 

(a) PicX 2± Z,ci{E) = 1, 

(b) Either one of the following is true: 

(1) rki^ > 2; 

(2) rki^ = 1, 2± J^{L), where L is ample, ^ is simple and the pair 
(^, L + Kx) is Calcy-Bacharash; 

(3) rki^ = 0, ~ {ic)*B, where ic ■ C X is a. reduced irreducible 
curve on X, and B is an invertible sheaf on C. 

Then the fiber of tt2 at [E'] G M' is a dense open subscheme in the Grass- 
manian variety Gr{l, H^{E'Y). 

Proof. The Lemma 11.151 and condition (b) imply that the generic extension 
of E' with W ® Ox is acceptable, and condition (a) and Lemma ll.l6.(J.3| implv 
that the generic extension is stable. 

8 The correspondence and the Brill-Noether loci 

Let {X,H) be a polarized surface, and assume that h^{X,Ox) = 0. Let L = 
Z©NumX©Z-|, where t = 2 if NumX is even and t = I otherwise. There is a 
Chern character map ch : Ko{X) L, [E] ^ ch{E) = {rk{E),chi{E),ch2iE)). 
Let u G L, u = (r, vi, V2), and let {E, V) G Ai{v). We get an exact sequence 

0^V(^Ox^E^E'^0 (8.1) 

and the long exact sequence 

^ H°{X,E) ^ H^\X, E') 
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which impHes h°{X, E') = h°{X, E)-l. Let (w) be the preimage of BNkiv) 
under tti, and let v' = {r — l,vi,V2)- Since Ct[E') = Ct{E), the diagram (|7.4|l 
induces the diagram 

AUv) (8-2) 

BNkiv) C M{v) M{v') D BNk-i{v') 

It is clear that ((7ri)fc)-i (m) = (7ri)-i(m) and ((TTa)*,.)"^ ("i') = (7r2)~^(m'). 




9 Globally generated line bundles on curves 

9.1 Varieties pA^ and pB^ 
9.1.1 

Let C be a smooth irreducible genus g curve and L be a degree d line bundle on 
C. Let = Kc'L^^, and let us fix a point p £ C. The adjunction sequence 

^ L{-p) Lp^O 

induces the long exact sequence 

H%C, L{~p)) L) "^h^'^ Lp -> H^{C, L{-p)) -> H^{C, L) ^ 

Let M = L{-p). 

The long exact sequence above implies that there are two possibilities: cither 

(1) e{L,p) is epimorphic, in which case the isomorphism if ^(C, Af) ^ H^{C, M{p)) 
together with Serre duality imply e{M^,p) ~ 0; 

or 

(2) e{L,p) = 0, in which case e{M^,p) is epimorphic. 

In other words, L is globally generated at p iff AI^ is not globally generated 
at p; and L is not globally generated at p iff /i"(C, M) = h"{C, M{p)). 

9.1.2 

Let now be a scheme parametrizing invertible sheaves of degree d such 
that A\mH^{C,L) = k\ this is a difference of two Brill-Noether loci in the 
Picard variety of C; and let pA'l be the (closed) subscheme in parametrizing 
invertible sheaves L not globally generated at p (it is constructed in paragraph 
EO) We define pB^ as pB^ = D{pAl~^~}^^); in other words, L 6 B iff 
e A 
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The map L i-^ L{p) establishes isomorphisms 

~ pBd ^ p^d+i: (9-1) 
P^r^ ^Vti-pA^+i (9.2) 

In other words, the first isomorphism can be formulated as follows: twisting 
with Oc{p) establishes an isomorphism of the (open) subscheme in moduli of 
M given by the condition hP(C, M{p)) = hP{C^ M) and the (closed) subscheme 
in the moduli of L given by the condition that L is not globally generated at p. 

The isomorphisms of twisting with p and —p are shown on the Figures ^ 
and Has acting in the plane with (d, fc)-coordinates. 

Pic'^ C Pic'+' C 



d+1 



fc+1 



Figure 1 : Twisting with p 



Pic'^+^ C 



k+1 _ 
d+1 



Figure 2: Twisting with —p 
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9.1.3 

We will now vary the point p. In paragraph 19.2.21 we construct a scheme 
(and S^) such that there are diagrams 



xC D 

c 



X C 

c 
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such that the fibers arc isomorphic to and p^§, respectively. 

Let B\ C be the image of -A^ under the of projection map V^. 
It can be described as a closed subscheme in parametrizing such M that 
h°{M) = h°{M{p)) for some point p € C. In the same way there is a closed 
subscheme C parametrizing non-globally generated invertible sheaves. 



9.1.4 

Now consider the morphism 

mapping {M,p) to M{p). It is clear that this morphism is surjective and for 
A: > 1 is quasi-finite (the set of points where the given line bundle is not globally 
generated is finite). 

The map </) can be included into the diagram 



{vI,xC)-b!^_, 




where tt is quasi-finite. 

Corollary. Let fc > 1. Then for each irreducible component {A'^)i of A'^ (if 
any) we have diin{A'^)i < maxj dim(Vjl^)j + l, where {V^_^)j are the irreducible 



components of V^'^ 



d-l- 



9.2 Varieties of non-globally generated line bundles. 

9.2.1 Bundles not globally generated at a given point 

Let C be a curve and L be a family of invertible sheaves on C with base T, i.e., 
an invertible sheaf L on C x T. 

In this paragraph we construct a subscheme of bundles not globally generated 
at a given point p G C. 

Let TT : C X r — > T be the projection. Let us fix a point p E C, and let 
Dp = p X T. Applying i?^7r* to the adjunction sequence on C x T 

^ Li-Dp) -^L^ L\d^ ^ 
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we get the exact sequence 

R^7r,L{-Dp) h R^TT.L 

(we consider the piece since base change works better for top cohomology 
groups.) 

Let t € T and Lt = L\cxt- Tcnsoring the exact sequence above with the 
residue field k{t), we get 

which is a part of the long cohomological sequence associated with 
^ {Lt)i-p) ^ Lt ^ {Lt)\p ^ 

In particular, Lt is not globally generated at p G C iff ker(0p)(i) ^ 0. 

In general, for a morphism of coherent sheaves (j) : F G the set of points 
t G T such that (f>{t) is not an isomorphism is constructible. 

Now let V^T be a (locally closed) subschcme in T given by the condition 
dimfc 7J°(C, Lt) = k. The sheaf i?^7r»i is locally free when restricted to V'^T, 
and tcnsoring the exact sequence 

^ ker0p -> R^TT^Li^Dp) H R^-k^L 

with k{t) demonstrates that the set of t G V^T such that Lt is not globally 
generated at p G C is the support of the coherent sheaf ker (pp which implies 
that it is closed. 

9.2.2 Varying the point p G C. 

Let C be a curve and L be a family of invertible sheaves on C with a base 
T. In this paragraph we construct a (relative) variety of bundles not globally 
generated at a some point p E C. 

Let Ci = 6*2 = C, and consider the diagram of projection morphisms 

Ci X C2 X r 



CixT 
T 

Let A be a divisor on Ci x C2 x T obtained by pulling back the diagonal from 
Ci X C2, and abusing notations we write L instead of pr^^^^j^L. 
Applying i?^7r* to the adjunction sequence 

^ L{-A) ^ L ^ L|a -> 0, 
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we get the exact sequence 



of coherent sheaves on Ci x T. If (p, t) <E Ci x T, then, tensoring the exact 
sequence above with the residue filed k{p, t) of the point (p, £ Ci x T, we get 
the exact sequence 



as in the previous paragraph, and it follows that the constructible subset Deg (j) C 
Ci X T consisting of points (p, t) for which (f)®k{p, t) is not a fibervise isomor- 
phism coincides with the set of points {p, t) £ Ci xT for which Lt is not globally 
generated at p g C. (Now taking the direct image 7r'(Deg (j)), we can get a sub- 
set A{T) in T of points t £ T such that the invertible sheaf Lt is not globally 
generated.) 

9.3 Globally generated line bundles on Brill-Noether-general 
curves 

Lemma. Let C be a curve such that every is irreducible and of the expected 
dimension p = g — i(i — x), where x = d + I — g. 

Assume that we are given fc > 2 such that p ^ g ~ k{k — x) ^ 0- Then there 
is a globally generated line bundle L G V/. 

Proof. We prove that is equidimensional in and compute its codi- 
mension. 

Consider the variety (which might be empty). It has a map to C with 
fibers pA'^. Wc have pA'^ ~ V^_^ - pB^_^, where pB^_-^ is closed in V^_^. It 
follows that is either irreducible of dimension dim V^'l-^ = g — fc(fc— (%— 1)) = 
p — fc or empty, which implies that A'^ is cither equidimensional of dimension 
fc(fc — (x — 1)) -l- 1 or empty. (Remark: the cases p < k, p = k and p > k should 
be considered separately.) 

Now there is a quasi-finite map A'^ ^ A'^. It follows that A^ is equidimen- 
sional of dimension p — fc -I- 1 or empty. 

Now A^ is a subscheme in which is irreducible of dimension p. It follows 
that is of codimension fc — 1 in or empty. In particular, there is a globally 
generated fine bundle L gV^. 

The proof is illustrated on the following diagram: 



H\C,Lt{-p)) 



H\C,Lt) 







C 



c 
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9.3.0.1 Proposition. Let C be a generic curve of degree and assume that 
we are given d, k > 2 such that p = g ~ k{k — x) ^ 0- Then there is a globally 
generated line bundle L . 

The proof follows from the Lazarsfcld's theorem on the dimension of of 
a generic genus g curve and the previous lemma. 

9.3.0.2 Existence of globally generated vector bundles in moduli spaces 

on K3 Let {X, H) be a polarized K3 surface. Assume that PicX ~ Z/i, h = [H\, 
and consider a nonempty moduli space Ad of vector bundles on S with rki^ = r, 
ci{E) = h and C2{E) = d. Then there is a globally generated vector bundle 
E G M. 

Proof. First, by previous Lemma, there is a curve C on X in the linear 
system \h\ and a globally generated line bundle L on C of degree 2g — 2 — d. 
Then the Lazarsfcld's construction (cf. the first part of the paper) implies that 
there is a globally generated vector bundle E in the moduli space M. 
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